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%'4&5$*0 )'+(B <'% 4('%,)(- $* +()4% /2 +#( )(-,1+$/*% $* )//+
4('* %C,')(- ())/) 7;D?E: '*- 4('* '6%/5,+( ())/) 7DFE:=
EG+(*%$3( %$4,5'+$/*% %#/<(- +#'+ +#( -'+'>-)$3(* ;898 4(+#/-
/,+&()2/)4(- +#( /)$0$*'5 898 4(+#/- )(-,1$*0 +#( ;?DE 6.
,& HI=JK '*- +#( DFE 6. ,& +/ LJ=MK= 8+ $% $4&/)+'*+ +/ */+(

+#'+ 6/+# 4(+#/-%B (%&(1$'55. +#( ;898 4(+#/-B (G#$6$+ %$0*$2 1'*+
(%+$4'+$/* '11,)'1. $4&)/3(4(*+ $* 1'%( /2 %$0*'5% <$+# #$0#()
%'4&5$*0 )'+(%=

()*+, -+%.#!8*+()%(1+$/* /2 1/*2 -(*1( $*+()3'5% 7898: ),5(B
)(5'+$3( $*+()%(1+$/* /2 1/*2 -(*1( $*+()3'5% 7898: ),5(B %$0*'5
-(*/$%$*0B %'4&5$*0 )'+(

3H 3AI;J!K4I3JA

A$%&" %& %#"2%1,L=" %# +",=5M$+=/ /,1, ,#/ 8,- L" #"'=%'%L="

$#=- %# ),&"& $. :%': &%'#,= 1$ #$%&" +,1%$& N<A;&OH P$M"2"+@

%# 8$&1 0+,)1%),= &)"#,+%$&@ #$%&" )$++*01& ,#,=-Q"/ &%'#,=&

%# , &%'#%. ),#1 8,##"+H P"#)"@ %1& +"8$2,= %& , )+*)%,=

&1"0 0+$)""/%#' ,#- .*+1:"+ &%'#,= 0+$)"&&%#' ,#/ ,#,=-&%&H

I:*&@ /"#$%&%#' 0+"0+$)"&&%#' %& .$*#/ %# , M%/" +,#'" $.

,00=%),1%$#&@ &*): ,& /,1, 8%#%#'@ 2%/"$ )$/%#'@ N8"/%),=O

%8,'" ,#,=-&%&@ &"%&8$=$'-@ +,/,+@ &$#,+@ &0""): 0+$)"&&%#'@

,&1+$#$8- ,#/ 8,#- 8$+"H

3# 0,+1%)*=,+@ ,//%1%2" M:%1" R,*&&%,# #$%&" N(9RAO@ /*"

1$ %1& #,1*+"@ ,//& :%': .+"S*"#)- )$80$#"#1& 1$ )$#&%/"+"/

&%'#,=H P"#)"@ $#" $. /"#$%&%#' ,00+$,):"& %& 1$ +"8$2" 1:"

(9RA %# 1+,#&.$+8 /$8,%# N*&%#' 1:" T$*+%"+ $+ M,2"="1

1+,#&.$+8&OH P$M"2"+@ %# &$8" 0+,)1%),= ,00=%),1%$#& *1%=%Q%#'

=$M50,&& . =1"+& %# T$*+%"+ /$8,%# ),*&" ,=&$ 1:" +"8$2,=

$. . #" /"1,%=& M:%): 8,- ),++- E"- %#.$+8,1%$#H J# 1:"

$1:"+ :,#/@ 1"80$+,=U&0,1%,= . =1"+%#' 8"1:$/& 0"+.$+8 #$%&"

&*00+"&&%$# $# +,M &%'#,= %# $+%'%#,= &%'#,= /$8,%# ,#/ :"#)"

1"80$+,= . =1"+%#' /$"& #$1 +"S*%+" =$&&5="&& %#2"+&" 1+,#&.$+8

0+$)"/*+"H

>H ?"+', %& M%1: 1:" K#%2"+&%1- $. ;%G"E,@ T,)*=1- $. 7#'%#""+%#'@ !"0,+15
8"#1 $. 4$80*1"+ 7#'%#""+%#'@ V*E$2,+&E, WX@ P;5WYZZZ ;%G"E,@ 4+$,1%,@
"58,%=[ G="+',\+%1":H:+H
AH <,*=%' %& M%1: 1:" K#%2"+&%1- $. F*=, ]>*+,G !$L+%=,]@ !"0,+18"#1

$. I"):#%),= <1*/%"&@ D,'+"L,)E, ^Z@ P;5W_YZZ F*=,@ 4+$,1%,@ "58,%=[
#&,*=%'\*#%0*H:+

BH CD*C&E%# %& M%1: 1:" K#%2"+&%1- $. ;%G"E,@ T,)*=1- $. B,+%1%8" <1*/%"&@
<1*/"#1&E, _@ P;5WYZZZ ;%G"E,@ 4+$,1%,@ "58,%=[ L,/*+%#,\0.+%H:+
(H F,#GE$1, %& M%1: 1:" K#%2"+&%1- $. D,/,+@ !"0,+18"#1 $. 3#.$+8,1%$#

<)%"#)"&@ K=H /+H T+,#G" I*/8,#, _`%@ P;5_^ZZZ D,/,+@ 4+$,1%,@ "58,%=[
,0,#GE$1\*#%Q/H:+

A$1" 1:,1 1"80$+,= . =1"+& 8,- L" /%2%/"/ 1$ . a"/ ,#/ ,/,01%2"H

T%a"/ &%Q" . =1"+&@ %# $+/"+ 1$ ".. )%"#1=- +"/*)" #$%&"@ +"S*%+"

, 0+%$+ E#$M="/'" $# L$1: &%'#,= ,#/ #$%&" bYcH J# 1:" $1:"+

:,#/@ ,/,01%2" . =1"+& ,+" ,L=" 1$ +")$#. '*+" 1:"8&"=2"& L-

1+,)E%#' #$#5&1,1%$#,+- ):,#'"& %# &%'#,= ,#/ 1$ ,/G*&1 1$ %#0*1

&1,1%&1%)& N8",#%#' 1:,1 =%11=" $+ #$ 0+%$+ E#$M="/'" $# #$%&"

$+ &%'#,= %& +"S*%+"/O bYcH

I:%& 0,0"+ 0+"&"#1& ,# ,/,01%2" 1"80$+,= . =1"+%#' 8"1:$/

L,&"/ $# 1:" %#1"+&")1%$# $. )$#. /"#)" %#1"+2,=& N343O +*=" ,#/

%1& %80+$2"/ 2"+&%$# N),=="/ +"=,1%2" %#1"+&")1%$# $. )$#. /"#)"

%#1"+2,=& N;343O +*="O ,00=%"/ 1$ &%'#,= /"#$%&%#'H I:" $+%'%#,=

343 8"1:$/ M,& . +&1 0+$0$&"/ %# b_c@ ,#/ =,1"+ M,& ,00=%"/ 1$

,/,01%2" L,#/M%/1:& &"=")1%$# ,#/ /"#$%&%#' %# b^c@ b`c@ bWcH

I:" $+%'%#,= 343 8"1:$/ M,& &:$M# 1$ ".. )%"#1=- ,/,01 1$

*#E#$M# &8$$1:#"&& $. 1:" &%'#,= "#&*+%#' )=$&" 1$ $01%8,=

L%,&51$52,+%,#)" 1+,/"$.. bdcH J#" $. 1:" ,/2,#1,'"& $. 1:"

8"1:$/ %& +"S*%+%#' $#=- 1:" "&1%8,1%$# $. #$%&" 2,+%,#)"@ ,#/

#$1 1:" L%,& N#$+ :%':"+ /"+%2,1%2"& $. 1:" "&1%8,1" #""/"/ .$+

L%,& "&1%8,1%$#@ $.1"# +"S*%+"/ L- #*8"+$*& 0=*'5%# 8"1:$/&

b^cOH

J# 1:" $1:"+ :,#/@ 1:" 8,%# &:$+1)$8%#' $. 1:" 343 8"1:$/

%& %1& &"#&%1%2%1- 1$ &*L$01%8,= 1:+"&:$=/ Γ &"=")1%$#H A,8"=-@
&8,== Γ 2,=*"& +"&*=1 %# 0$$+ /"#$%&%#'@ M:%="@ $# 1:" $1:"+
:,#/@ =,+'" Γ 2,=*"& $2"+&8$$1: /"#$%&"/ &%'#,=H I:%& 0+$L="8
M,& &$=2"/ L- 1:" ;343 8"1:$/ M:%): %#1+$/*)"/ ,//%1%$#,=

)+%1"+%$# .$+ $01%8,= M%#/$M M%/1: &"=")1%$# 1:,1 ,==$M"/

):$$&%#' ,+L%1+,+- =,+'" Γ 2,=*"& M%1: $2"+&8$$1:%#' L"%#'
,2$%/"/ L- ,//%1%$#,= 1:+"&:$=/H

I:" 0,0"+ 0+$2%/"& &1*/- $# 1:" /"#$%&%#' S*,=%1- $. L$1:

8"1:$/& M%1: +"',+/& 1$ &%'#,= &,80=%#' +,1"H T$+ %#/%)"& $.

/"#$%&%#' 0"+.$+8,#)"& 1:" +"/*)1%$# %# +$$1 8",# &S*,+"/

"++$+ N;B<7O ,#/ 8",# ,L&$=*1" "++$+ NB(7O M"+" *&"/H

I:" +"&1 $. 1:" 0,0"+ %& $+',#%Q"/ ,& .$==$M&H <")1%$# 33

0+"&"#1& 1:"$+"1%),= L,)E'+$*#/ $. 1:" 343 ,#/ 1:" %80+$2"/

;343 8"1:$/H I:"%+ /"#$%&%#' 0"+.$+8,#)"&@ %# 1"+8& $.

"&1%8,1%$# "++$+ +"/*)1%$#@ M%1: +"&0")1 1$ &%'#,= &,80=%#'

.+"S*"#)- ,+" "=,L$+,1"/ %# <")1%$# 333H 4$#)=*&%$# %& .$*#/

%# <")1%$# 3VH

33H J;3R3A(? (A! 3BF;JV7! 343 7<I3B(IJ;

!" #$#%&'()* )(+,-'+./

?"1 *& 8$/"= /%&)+"1" #$%&- &%'#,= z(ti) )$++*01"/ L- 1:"
(9RA ,&[

z(ti) = y(ti) + ε(ti), NYO

M:"+" y(ti) %& 1:" $+%'%#,= /%&)+"1" &%'#,=@ ε(ti) %& Q"+$58",#
#$+8,==- /%&1+%L*1"/ "++$+ NE{ε} = 0 ,#/ E{ε2} = σ2O@ ,#/



∆ %& &,80=%#' 0"+%$/ &*): 1:,1 1%8" ti = i·∆@ i = 1, 2, · · · , N
N&,80=%#' .+"S*"#)- %& fs =

1

∆
OH

I:" '$,= $. 1:" /"#$%&%#' 0+$)"/*+" %& 1$ $L1,%# /%&)+"1"

"&1%8,1" ŷ(ti)@ ,& )=$&" ,& 0$&&%L=" 1$ 1:" #$%&"5.+"" &%'#,=
y(ti)@ M%1: "&1%8,1%$# "++$+[

e(ti, h) = y(ti)− ŷ(ti, h), N_O

L"%#' 8%#%8,=H ())$+/%#' 1$ bec@ e(ti, h) ),# L" "a0+"&&"/ ,&[

|e(ti, h)| ≤ b(ti, h) + |ζ(ti, h)|, N^O

M:"+" b(ti, h) %& "&1%8,1%$# L%,&@ h %& "&1%8,1%$# M%#5

/$M &%Q"@ ,#/ ζ(ti, h) %& #$+8,==- /%&1+%L*1"/ +,#/$8 "++$+

NN(0, s(ti, h))OH I:" .$==$M%#' %#"S*,=%1-@ ,& &:$M# %# b^c@
:$=/&[

|ζ(ti, h)| ≤ χ1−β/2 · s(ti, h), N`O

M%1: 0+$L,L%=%1- p = 1 − β NM:"+" χ1−β/2 &1,#/& .$+ 1:"

(1 − β/2)1: S*,#1%=" $. 1:" &1,#/,+/ R,*&&%,# /%&1+%L*1%$#OH
6- %#1+$/*)%#' 7SH N`O 1$ 7SH N^O 1:" .$==$M%#' %#"S*%1- %&

$L1,%#"/[

|e(ti, h)| ≤ b(ti, h) + χ1−β/2 · s(ti, h). NWO

3# $+/"+ 1$ ,):%"2" /"&%+,L=" /"#$%&%#' 0"+.$+8,#)" M" ,+" 1$

. #/ $01%8,= M%#/$M &%Q" h0 M:%): "#&*+"& L"&1 )$80+$8%&"

N/". #"/ L- αO L"1M""# L%,& b(ti, h) ,#/ +,#/$8 "++$+ bXc[

h0 = max

{

h :
b(ti, h)

χ1−β/2 · s(ti, h)
≤ α

}

. NdO

31 M,& &:$M# %# bXc@ .$+ h ≤ h0[

b(ti, h) ≤ α · χ1−β/2 · s(ti, h), NeO

M:%): =",/ 1$ b^c[

|e(ti, h)| ≤ (1 + α) · χ1−β/2 · s(ti, h), NXO

$+ M+%11"# %# ,#$1:"+ .$+8[

|y(ti)− ŷ(ti, h)| ≤ Γ · s(ti, h), NfO

M:"+" Γ = (1+α) ·χ1−β/2 %& 0+"&"1 1:+"&:$=/H I:*&@ 7SH NfO

),# L" "a0+"&&"/ ,&[

ŷ(ti, h)− Γ · s(ti, h) ≤ y(ti) ≤ ŷ(ti, h) + Γ · s(ti, h). NYZO

P"#)"@ *00"+ ,#/ =$M"+ L$*#/,+%"& $. )$#. /"#)" %#1"+2,=

D(ti, h) =%8%1& ),# L" "a0+"&&"/ ,&[

U(ti, h) = ŷ(ti, h) + Γ · s(ti, h), NYYO

,#/

L(ti, h) = ŷ(ti, h)− Γ · s(ti, h). NY_O

P"+" M" #""/ ,# ,='$+%1:8 1$ 1"&1 1:" :-0$1:"&%& h ≤ h0 .$+

, +,#'" $. M%#/$M M%/1:& H = {h1 < h2 < · · · < hL}
+"&*=1%#' %# 1:" hj+ ,& )=$&" 1$ 1:" $01%8,= h0 ,& 0$&&%L="H

I:" 8$1%2,1%$# .$+ 1:" ,='$+%1:8@ ),=="/ 1:" 343 +*="@ ),8"&

.+$8 7SH NfO &*''"&1%#' 1:,1 y(ti) ∈ D(ti, h) .$+ hi ≤ h0H

J+@ %# $1:"+ M$+/&@ %#1"+&")1%$# $. D(ti, hi)@ 1 ≤ i ≤ j %&
#$#"801- ,#/ :,& ,1 =",&1 $#" )$88$# 0$%#1 N1:,1 0$%#1 %&

y(ti)O .$+ hi ≤ h0H I:*&@ hj+ ),# L" .$*#/ L- %#)+",&%#' hi ,&

=$#' ,& 1:" %#1"+&")1%$# $. D(ti, hi)@ 1 ≤ i ≤ j@ %& #$#"801-H

P"#)"@ 1:" =,+'"&1 j N/"#$1"/ ,& j+O .$+ M:%): "a%&1& #$#"801-
%#1"+&")1%$# $. ,== 0+"2%$*& )$#. /"#)" %#1"+2,=& D(ti, hi)@ 1 ≤
i ≤ j+ /". #"& 1:" 0+$0"+ hj+ *&"/ .$+ ),=)*=,1%$# $. 1:"

)$++"&0$#/%#' "&1%8,1" ŷ(ti, hj+)H
I:*&@ 1:" %#1"+&")1%$# $. D(ti, hi)@ 1 ≤ i ≤ j@ ),# L" /". #"/
,&[

L(ti, hj) ≤ U(ti, hj), NY^O

M:"+" L(ti, hj) %& 1:" =,+'"&1 =$M"+ L$*#/,+-@ /". #"/ ,&[

L(ti, hj) = max{L(ti, hj−1), L(ti, hj)}, j = 1, 2, · · · , L, NY`O

,#/ U(ti, hj) %& 1:" &8,=="&1 *00"+ L$*#/,+-@ /". #"/ ,&[

U(ti, hj) = min{U(ti, hj−1), U(ti, hj)}, j = 1, 2, · · · , L. NYWO

A$1" 1:,1 0"+.$+8,#)"& $. 1:" 3435L,&"/ /"#$%&%#' ,+" :%':=-

/"0"#/,#1 $# 1:" 1:+"&:$=/ ΓH A,8"=-@ =,+'" Γ ),*&"& &%'#,=
$2"+&8$$1:%#' Nhj+ > h0OH J# 1:" $1:"+ :,#/@ &8,== Γ =",/& 1$
&%'#,= *#/"+&8$$1:%#' Nhj+ < h0O bfcH T*+1:"+8$+"@ ,& &:$M#

%# b^c@ %1 %& /%.. )*=1 1$ . #/ 1:" $01%8,=@ /,1,5/"0"#/,#1 Γ
.+$8 , 1:"$+"1%),= ,#,=-&%&H 3# $+/"+ 1$ &$=2" 1:%& 0+$L="8@ 1:"

.$==$M%#' &")1%$# %#1+$/*)"& , 8$/%. ),1%$# $. 1:" 343 8"1:$/

N),=="/ ;343 +*="O +$L*&1 1$ &*L$01%8,= 1:+"&:$=/ Γ &"=")1%$#H
3# ,//%1%$#@ 1:" ;343 8"1:$/ M,& &:$M# 1$ &%'#%. ),#1=-

$*10"+.$+8 1:" $+%'%#,= 343 %# 1"+8& $. /"#$%&%#' S*,=%1-H

0" 1#$#%&'()* )(+,-'+./

I:" 8$1%2,1%$# L":%#/ 1:" %80+$2"/ 343 8"1:$/ %& 1$

,2$%/ &%'#,= $2"+&8$$1:%#' N),*&"/ L- 1$$ =,+'" Γ 2,=*"&O

L- %#1+$/*)%#' ,# ,//%1%$#,= )+%1"+%$# L"&%/"& 1+,)E%#' 1:"

#$#5"801%#"&& $. )$#. /"#)" %#1"+2,=& %#1"+&")1%$#H A,8"=-@

1:" ;343 8"1:$/ ,=&$ 1,E"& %#1$ ,))$*#1 1:" ,8$*#1 $. 1:%&

$2"+=,00%#'@ /". #"/ ,&[

O(ti, h) = U(ti, h)− L(ti, h). NYdO

?"1 *& :"+" /". #" R(ti, h) ,& , +,1%$ $. 1:" $2"+=,00%#' ,#/
&%Q" $. 1:" )$#&%/"+"/ )$#. /"#)" %#1"+2,= D(ti, h)[

R(ti, h) =
O(ti, h)

U(ti, h)− L(ti, h)
, NYeO

=
U(ti, h)− L(ti, h)

U(ti, h)− L(ti, h)
. NYXO

A$1" 1:,1 8%#%8,= R(ti, h) = 0 %# ),&" $. 1:" %#1"+&")1%$#
$. )$#. /"#)" %#1"+2,=& L"%#' "801-H J# 1:" $1:"+ :,#/@

8,a%8,= 2,=*" $. R(ti, h) = 1 %& $L1,%#"/ M:"# %#1"+&")1%$#
$. ,== 0+"2%$*& )$#. /"#)" %#1"+2,=& %& %#&%/" 1:" )$#&%/"+"/

)$#. /"#)" %#1"+2,=H 6"%#' 1:,1 R(ti, h) ∈ [0, 1]@ 1:" ;343 +*="
%#1+$/*)"& ,//%1%$#,= 1:+"&:$=/ Rc@ &*): 1:,1[

R(ti, h) ≥ Rc, NYfO

M:"+" Rc ∈ [0, 1]H A$1" 1:,1 1:" 343 8"1:$/ %& &0")%,= ),&" $.
1:" ;343 8"1:$/ .$+ Rc = 0H
I:" ;343 8"1:$/ M,& &:$M# 1$ L" :%':=- +$L*&1 1$ &*L$01%8,=

1:+"&:$=/ 2,=*"& M:%=" $*10"+.$+8%#' 1:" $+%'%#,= 343 8"1:$/

%# 1"+8& $. 1:" /"#$%&%#' ,))*+,)- bYZc@ bYYc@ bY_c@ bY^c@ bY`c@

bYWc@ bYdc@ bYec@ ,& &:$M# %# 1:" #"a1 &")1%$#H
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343 ;343 380+$2"8"#1 N;343 2&H 343O bhc

6=$)E&

W YH`X_ ZHfff ZHeeZ ZH^XY ZH_eY ZHfZd ZHdW^ ZHWfX ZHW`Z ZHW^` NL=I ^`Hd __H` 5`YHX 5feH_

YZ YH`^Y ZHf_Z ZHeY^ ZH^WZ ZH_WZ ZHd_Z ZH^YX ZH_^Y ZHYY` ZHZXf WdHe dWHW JH=J deHW d`H`

YW YH`Y^ ZHXX` ZHdf_ ZH^^f ZH_`Y ZHWdd ZH_Xd ZH_ZY ZHZfW ZHZdX WfHf deHd eZHf HM=I eYHX

_Z YH`Zd ZHXeZ ZHdXY ZH^^W ZH_^f ZHWWY ZH_de ZHYXf ZHZXf ZHZd` dZHX dfH` e_H^ HN=N e^HZ

^Z YH`ZX ZHXd^ ZHded ZH^^^ ZH_^e ZHW`Y ZH_WW ZHYX^ ZHZXe ZHZd_ dYHd eZH` e_Hf HN=L e^Hd

P",2%<%#"

W _HZd_ YHY`_ ZHXXW ZH`Wf ZH^WX YHZXe ZHe^X ZHd^_ ZH`fd ZH`e_ OH=N ^WH^ _XHd 5XHZ 5^YHX

YZ YHfdf YHYZ` ZHXWf ZH`_f ZH^^W ZHXe_ ZH`fe ZH^Xd ZH_Y` ZHYde PP=H WWHZ WWHY WZHY WZHZ

YW YHfdd YHZff ZHXWf ZH`_` ZH^^_ ZHXW_ ZH`ed ZH^dW ZHYXX ZHY^X WdHe WdHe WeHW WWHe PL=P

_Z YHfdZ YHZfX ZHXWf ZH`_W ZH^^^ ZHXd_ ZH`e` ZH^d^ ZHYXW ZHY^` WdHZ WdHX WeHe WdH` PI=H

^Z YHfd_ YHZff ZHXd_ ZH`_X ZH^^` ZHXWf ZH`XY ZH^d^ ZHYXX ZHY^W WdH_ WdH_ WeHX WdHY PI=H

!$00="+

W ZH_`` ZHYdd ZHY^` ZHZeX ZHZdZ ZHY^e ZHZf` ZHZXY ZHZWe ZHZWY ON=L `^HW ^fH` _dH` YWHX

YZ ZH_`Z ZHYd^ ZHY^Z ZHZe` ZHZWe ZHYYY ZHZe` ZHZdZ ZHZ^` ZHZ_d W^Hf PO=J W`H^ W^He W^HX

YW ZH_^X ZHYd_ ZHY^Z ZHZe^ ZHZWe ZHYZd ZHZeY ZHZWe ZHZ^Y ZHZ_` WWH^ WdH^ WdH` WeH` PL=Q

_Z ZH_^X ZHYd_ ZHY^Z ZHZe^ ZHZWe ZHYZ` ZHZeZ ZHZWd ZHZ^Y ZHZ_^ WdH_ WdHe WdHW WeHX PL=J

^Z ZH_^X ZHYd_ ZHY^Z ZHZe` ZHZWe ZHYZ^ ZHZeZ ZHZWe ZHZ^Y ZHZ_` WdHd WeHZ WdH` WeHd PL=P

6*80&

W YHYZf ZH`e_ ZH^ed ZH_YZ ZHYWW ZHW^X ZH_WX ZH__W ZHYWe ZHY`Z PM=P `WH_ `ZHY _WH^ fHW

YZ YHZde ZH``f ZH^W` ZHYfe ZHY`W ZH^YY ZH_ZZ ZHYdd ZHZfY ZHZdf HQ=I WWH` W^H_ W^Hd W_Hd

YW YHZ`X ZH``` ZH^`d ZHYf` ZHY`^ ZH_^X ZHYfW ZHYWf ZHZXW ZHZd_ HH=N WdHY W`HZ WdH` WdHe

_Z YHZ^f ZH``^ ZH^`` ZHYf^ ZHY`^ ZH_Y^ ZHYfW ZHYWe ZHZX` ZHZdY HI=P WdHY W`H_ WdHW WeHY

^Z YHZ_e ZH``` ZH^`_ ZHYf` ZHY`^ ZH_YZ ZHYfW ZHYWe ZHZXW ZHZd_ HI=J WdHY W`HZ WdH` WdHX

I(6?7 33
!7AJ3<7!B(7 TJ; ( ;(AR7 JT AJ3<g <A;< 93IP ;7R(;!< IJ <3RA(? <(BF?3AR F7;3J! NYZZ BJAI74(;?J AJ3<7 ;7(?3<(I3JA<@Γ = 1.5@

Rc = 0.82OH

P
P
P
P
PP

<A;
∆ 1

100

1

500

1

1000

1

5000

1

10000

1

100

1

500

1

1000

1

5000

1

10000

1

100

1

500

1

1000

1

5000

1

10000

343 ;343 380+$2"8"#1 N;343 2&H 343O bhc

6=$)E&

W YH^ZY ZHXYW ZHdZ` ZH_fY ZH_Zd ZHd^e ZH^fe ZH^`d ZH_Xf ZH_XZ WYHZ PM=N `_He ZHe 5^WHe

YZ YH_dd ZHeWW ZHWd^ ZH_e` ZHYfW ZH`Ze ZHYef ZHY_Y ZHZW` ZHZ`Z deHf edH^ eXHd LQ=N efH`

YW YH_W^ ZHe^Y ZHW`e ZH_de ZHYfZ ZH^ee ZHYd` ZHYZe ZHZ`e ZHZ^^ dfHf eeHd XZHW X_H` LR=J

_Z YH_`` ZHe_Y ZHW`Z ZH_d` ZHYXX ZH^df ZHYWe ZHYZ` ZHZ`e ZHZ^^ eZH^ eXH_ XZHX LR=O X_H^

^Z YH_`^ ZHeYd ZHW^d ZH_d^ ZHYXe ZH^eZ ZHYWY ZHYZ_ ZHZ`d ZHZ^^ eZH_ eXHX XZHf LR=O X_H^

P",2%<%#"

W YHXYe ZHff_ ZHeW` ZH^X^ ZH_fZ ZHXeY ZHWW^ ZH`WW ZH^Y^ ZH_ed PR=M ``H^ ^fHe YXHY `Hf

YZ YHe`Z ZHf`X ZHe_^ ZH^`f ZH_dY ZHe^^ ZH`Y_ ZH^Yd ZHYeZ ZHY^^ PH=I WdHW WdH^ WYHY `fH^

YW YHe^X ZHf`_ ZHe_Y ZH^`Y ZH_WY ZHe_^ ZH^fX ZH_fe ZHY`` ZHYZ` WXH` WeHX PL=L WeHX WXHd

_Z YHe^_ ZHf`Z ZHeYf ZH^`Z ZH_WY ZHe_X ZH^fe ZH_fW ZHY^e ZHZfe WXHZ WeHe WfHZ WfHd JM=P

^Z YHe^W ZHf`Y ZHe_Y ZH^`_ ZH_WZ ZHe_e ZH`Z_ ZH_f` ZHY^d ZHZf^ WXHY WeH^ WfH_ dZH^ JR=L

!$00="+

W ZH_ZW ZHY^f ZHYZf ZHZWX ZHZ`` ZHYZe ZHZeY ZHZdZ ZHZ^f ZHZ^^ `eHe OI=R `WHZ ^YHe _^HW

YZ ZH_Z_ ZHY^W ZHYZW ZHZW^ ZHZ^f ZHZXf ZHZWe ZHZ`W ZHZ_W ZHZYf WWHe PL=M WeHW W_Hf WYH^

YW ZH_ZZ ZHY^W ZHYZ` ZHZW_ ZHZ^X ZHZXX ZHZW` ZHZ`Y ZHZ_Y ZHZYd WdH_ JQ=M JQ=M WXHd WeHf

_Z ZH_ZZ ZHY^W ZHYZ` ZHZWY ZHZ^e ZHZXd ZHZW^ ZHZ`Y ZHZ_Z ZHZYW WeHZ dZHd JQ=H dZH_ dZHY

^Z ZH_ZZ ZHY^W ZHYZ` ZHZWY ZHZ^e ZHZXW ZHZW^ ZHZ`Y ZHZ_Z ZHZY` WeH` dZHf dYHZ dZHf JM=R

6*80&

W ZHeWY ZH^^W ZH_df ZHY`_ ZHYZ` ZH^WZ ZHYW` ZHY^Y ZHZXf ZHZeX W^H` PN=I WYH` ^eH^ _`Hf

YZ ZHe^f ZH^^Y ZH_dZ ZHY^X ZHYZZ ZHYff ZHYYe ZHZfW ZHZW_ ZHZ^f HN=Q d`HW d^He d_H` dYHY

YW ZHe_X ZH^^_ ZH_We ZHY^e ZHYZZ ZHY`d ZHYYX ZHZfW ZHZWY ZHZ^X LQ=Q d`HW d^HZ d_Hd d_H_

_Z ZHe_d ZH^^_ ZH_We ZHY^X ZHYZZ ZHYYf ZHYYf ZHZfe ZHZW^ ZHZ^f LN=J d`HZ d_H^ dYHe dYHW

^Z ZHe__ ZH^^_ ZH_We ZHY^X ZHYZY ZHYZZ ZHY_Z ZHZfX ZHZW` ZHZ`Z LJ=M d^He dYHX dYHZ dZHd
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T%'H YH !"#$%&%#' +"&*=1& .$+ 1"&1"/ &%'#,=& NAiYZZZ@ ∆ = 1

1000
@ Γ = 1.5@ Rc = 0.82@ #$%&- &%'#,= <A;iYZOH ,O A$%&"5.+"" y(ts) ,#/ #$%&- z(ts) 6=$)E&

&%'#,=H LO 6=$)E& &%'#,= /"#$%&"/ *&%#' 1:" 343 NL=*"@ ŷ1(ts)O ,#/ ;343 8"1:$/ N+"/@ ŷ2(ts)OH )O 7&1%8,1%$# "++$+ .$+ 1:" 6=$)E& &%'#,= .$+ 1:" 343 NL=*"@
e1(ts)@ ;B<7iZHdfW`O ,#/ ;343 8"1:$/ N+"/@ e2(ts)@ ;B<7iZH_YdeOH /O A$%&"5.+"" y(ts) ,#/ #$%&- z(ts) P",2%<%#" &%'#,=H "O P",2%<%#" &%'#,= /"#$%&"/
*&%#' 1:" 343 NL=*"@ ŷ1(ts)O ,#/ ;343 8"1:$/ N+"/@ ŷ2(ts)OH .O 7&1%8,1%$# "++$+ .$+ 1:" P",2%<%#" &%'#,= .$+ 1:" 343 NL=*"@ e1(ts)@ ;B<7iZHX`WYO ,#/ ;343
8"1:$/ N+"/@ e2(ts)@ ;B<7iZH^Xd_OH 'O A$%&"5.+"" y(ts) ,#/ #$%&- z(ts) !$00="+ &%'#,=H :O !$00="+ &%'#,= /"#$%&"/ *&%#' 1:" 343 NL=*"@ ŷ1(ts)O ,#/ ;343
8"1:$/ N+"/@ ŷ2(ts)OH %O 7&1%8,1%$# "++$+ .$+ 1:" !$00="+ &%'#,= .$+ 1:" 343 NL=*"@ e1(ts)@ ;B<7iZHY^_fO ,#/ ;343 8"1:$/ N+"/@ e2(ts)@ ;B<7iZHZd^`OH GO
A$%&"5.+"" y(ts) ,#/ #$%&- z(ts) 6*80& &%'#,=H EO 6*80& &%'#,= /"#$%&"/ *&%#' 1:" 343 NL=*"@ ŷ1(ts)O ,#/ ;343 8"1:$/ N+"/@ ŷ2(ts)OH =O 7&1%8,1%$# "++$+
.$+ 1:" 6*80& &%'#,= .$+ 1:" 343 NL=*"@ e1(ts)@ ;B<7iZH^WZZO ,#/ ;343 8"1:$/ N+"/@ e2(ts)@ ;B<7iZHYWdWOH

333H <3BK?(I3JA ;7<K?I<

!"#$%&%#' 0"+.$+8,#)"& $. 1:" 343 ,#/ 1:" %80+$2"/

;343 8"1:$/ M%1: +"',+/& 1$ &%'#,= &,80=%#' +,1" :,2"

L""# ,#,=-Q"/ $# .$*+ &1,#/,+/ 1"&1 &%'#,=& N6=$)E&@ P",2%5

<%#"@ !$00="+@ ,#/ 6*80& &%'#,=O@ ",): Y & =$#'H !"#$%&%#'

&%8*=,1%$#& N0"+.$+8"/ %# B,1=,L _ZYdLO :,2" L""# 0"+5

.$+8"/ .$+ YZZ &%'#,= ="#'1:& $. ",): 1"&1"/ &%'#,= N =
{100, 200, 300, · · · , 10000} &,80="/ M%1: &,80=%#' 0"+%$/&
∆ =

{

1

100
, 1

200
, 1

300
, · · · , 1

10000

}

@ +"&0")1%2"=-H 7&1%8,1%$#

S*,=%1- :,& L""# 8",&*+"/ %# 1"+8& $. 1:" +"/*)1%$# %#

/"#$%&"/ ;B<7 ,#/ B(7@ ,2"+,'"/ $2"+ YZZ +,#/$8 B$#5

1"4,+=$ +",=%Q,1%$#& $. #$%&"H I:" 0,+,8"1"+ Γ M,& &"1 1$

YHW NL"=$#'%#' 1$ ,# %#1"+2,= 0+$0$&"/ %# b^cO ,#/ $01%8,=

1:+"&:$=/ Rc = 0.82 M,& ),=)*=,1"/ ,& 1:" $#" 8%#%8%Q%#'

;B<7H

T%'H Y '%2"& ,# "a,80=" $. /"#$%&%#' $. #$%&- N<A;iYZO

&%'#,=& 6=$)E&@ P",2%<%#"@ !$00="+@ ,#/ 6*80& .$+ N = 1000
M%1: Γ = 1.5 ,#/ $01%8,= Rc = 0.82H T%'H YN,O '%2"& #$%&-
,#/ #$%&"5.+"" 6=$)E& &%'#,=&@ .$==$M"/ L- 1:" &%'#,=& /"#$%&"/

*&%#' 1:" 343 ,#/ 1:" ;343 8"1:$/ &:$M# %# T%'H YNLOH T%'H

YN)O &:$M& "&1%8,1%$# "++$+ .$+ 1:" 343 ,#/ ;343 8"1:$/ M:%):

M,& +"/*)"/@ %# 1"+8& $. 1:" ;B<7@ L- dXHX`h N.+$8 ZHdfW`

.$+ 1:" 343 1$ ZH_Yde .$+ 1:" ;343 8"1:$/OH A"a1@ T%'H YN/O

&:$M& #$%&- ,#/ #$%&"5.+"" P",2%<%#" &%'#,=&H T%'H YN"O &:$M

/"#$%&"/ P",2%<%#" &%'#,=& $L1,%#"/ *&%#' 1:" 343 ,#/ ;343

8"1:$/@ .$==$M"/ L- 1:"%+ "&1%8,1%$# "++$+& 0+"&"#1"/ %# T%'H

YN.OH (& %1 ),# L" &""#@ "&1%8,1%$# "++$+ ;B<7 M,& +"/*)"/

.+$8 ZHX`WY 1$ ZH^Xd_ NL- W`H^ZhOH T%'&H YN'O5YN%O &:$M ,#
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T%'H _H !"#$%&"/ &%'#,= ;B<7 ,#/ B(7 .$+ , +,#'" $. &%'#,= &,80=%#' +,1"& .$+ 1:" 343 NL=*"O ,#/ 1:" ;343 N+"/O 8"1:$/ NΓ = 1.5@ Rc = 0.82@ #$%&-
&%'#,= <A;iYZ@ ,2"+,'"/ $2"+ YZZ B$#1"4,+=$ #$%&" +",=%&,1%$#&OH ,O !"#$%&"/ 6=$)E& &%'#,= ;B<7H LO !"#$%&"/ 6=$)E& &%'#,= B(7H )O !"#$%&"/ P",2%<%#"
&%'#,= ;B<7H /O !"#$%&"/ P",2%<%#" &%'#,= B(7H "O !"#$%&"/ !$00="+ &%'#,= ;B<7H .O !"#$%&"/ !$00="+ &%'#,= B(7H 'O !"#$%&"/ 6*80& &%'#,= ;B<7H
:O !"#$%&"/ 6*80& &%'#,= B(7H

"a,80=" $. /"#$%&%#' $. !$00="+ &%'#,=H A,8"=-@ T%'&H YN'O

,#/ YN:O &:$M #$%&- ,#/ #$%&"5.+""@ ,& M"== ,& &%'#,=& /"#$%&"/

L- 1:" 343 ,#/ ;343 8"1:$/@ +"&0")1%2"=-H I:" "&1%8,1%$# "++$+

.$+ 1:" 343 ,#/ ;343 8"1:$/ .$+ !$00="+ &%'#,= NM:%): M,&

+"/*)"/ W_H^_h@ %H"H .+$8 ZHY^_f .$+ 1:" 343 8"1:$/ 1$ ZHZd^`

.$+ 1:" ;343 8"1:$/O %& '%2"# %# YN%OH T%#,==-@ #$%&"5.+"" ,#/

#$%&- 6*80& &%'#,=& ,+" &:$M# %# T%'H YNGOH !"#$%&"/ 6*80&

&%'#,=& *&%#' 1:" 343 ,#/ ;343 8"1:$/ ,+" &:$M# %# T%'H YNEO@

.$==$M"/ L- 1:" "&1%8,1%$# "++$+& .$+ L$1: 8"1:$/& '%2"# %#

T%'H YN=OH (& %1 ),# L" &""#@ 1:" ;343 8"1:$/ :,& &%'#%. ),#1=-

$*10"+.$+8"/ 1:" $+%'%#,= 343 8"1:$/ %# 1"+8& $. 1:" /"#$%&%#'

S*,=%1- .$+ 6*80& &%'#,= L- +"/*)%#' %1& "&1%8,1%$# "++$+ L-

WWH^Zh N.+$8 ZH^WZZ 1$ ZHYWdWOH

T%'H _ '%2"& 1:" ;B<7 ,#/ B(7 .$+ ,== 1"&1"/ &%'#,=& M%1:

+"',+/& 1$ &,80=%#' 0"+%$/ N#$%&- &%'#,= <A;iYZOH P"+" %&

%80$+1,#1 1$ #$1" 1:,1 %# ,== ),&"& L$1: /,1,5/+%2"# ,/,01%2"

8"1:$/& "a:%L%1 &%'#%. ),#1 %#)+",&" %# "&1%8,1%$# S*,=%1- .$+

:%':"+ &,80=%#' +,1"& N&8,=="+ &,80=%#' 0"+%$/& ∆OH A,8"=-@

.$+ 1:" 6=$)E& &%'#,= 1:" ;343 8"1:$/ $*10"+.$+8"/ 1:"

$+%'%#,= 343 8"1:$/ L- +"/*)%#' "&1%8,1%$# ;B<7 *0 1$

WdHeZh ,#/ B(7 *0 1$ deHXehH T$+ 1:" P",2%<%#" &%'#,=@

1:" ;343 8"1:$/ +"/*)"/ ;B<7 L- *0 1$ `fH`_h ,#/ B(7

L- *0 1$ `fH_dh@ M:"# )$80,+"/ 1$ 1:" 343 8"1:$/H <%8%=,+

+"&*=1& M"+" $L1,%#"/ .$+ 1:" !$00="+ &%'#,= M:"# ;B<7 M,&

+"/*)"/ L- *0 1$ W^H`_h ,#/ B(7 L- *0 1$ WYH_YhH T%#,==-@

.$+ 1:" 6*80& &%'#,= 1:" ;B<7 :,& L""# +"/*)"/ L- *0 1$

W_H``h ,#/ B(7 L- *0 1$ dZHXZhH

I,L=" 3 '%2"& /"#$%&"/ ;B<7 .$+ ,== 1"&1"/ &%'#,=& .$+ , +,#'"

$. #$%&- <A;& {5, 10, 15, 20, 30} ,#/ &,80=%#' 0"+%$/& ∆ =
{

1

100
, 1

500
, 1

1000
, 1

5000
, · · · , 1

10000

}

H <%8*=,1%$# +"&*=1& '%2"# %#

1:" I,L=" 3 :,2" L""# ,2"+,'"/ $2"+ YZZ B$#1"4,+=$ #$%&"

+",=%&,1%$#&H (& 0+"&"#1"/ %# 1:" 1,L="@ 1:" :%':"+ &,80=%#'

+,1"& N&8,=="+ &,80=%#' 0"+%$/&O :,2" +"&*=1"/ %# +"/*)1%$# $.

"&1%8,1%$# ;<B7 .$+ ,== 1"&1"& <A;& ,#/ ,== 1"&1"/ &%'#,=&

NL$1: .$+ 1:" 343 ,#/ 1:" ;343 8"1:$/OH T*+1:"+8$+"@ 1:" ;343

,='$+%1:8 $*10"+.$+8"/ 1:" $+%'%#,= 343 ,='$+%1:8 %# 1"+8& $.



;B<7 +"/*)1%$# %# ,=8$&1 ,== ),&"&H A,8"=-@ 1:" ;343 8"1:$/

:,& +"/*)"/ 1:" ;B<7 L- *0 1$ e^HXh .$+ 1:" 6=$)E& &%'#,=@

L- *0 1$ WfHeh .$+ 1:" P",2%<%#" &%'#,=@ L- *0 1$ WXHdh .$+

1:" !$00="+ &%'#,=@ ,#/ L- *0 1$ efHdh .$+ 1:" 6*80& &%'#,=H

3# ,//%1%$#@ /"#$%&%#' +"&*=1& .$+ ,== 1"&1"/ &%'#,=& %# 1"+8& $.

1:" B(7 ,+" 0+"&"#1"/ %# I,L=" 33 .$+ , +,#'" $. #$%&- <A;&

,#/ &%'#,= &,80=%#' 0"+%$/& N,2"+,'"/ $2"+ YZZ B$#1"4,+=$

#$%&" &%8*=,1%$#&@ Γ = 1.5@ Rc = 0.82OH (& %1 ),# L" &""#@
.$+ ,== 1"&1"/ <A;& L$1: 1:" 343 ,#/ ;343 8"1:$/ NΓ = 1.5@
Rc = 0.82O +"&*=1"/ %# &8,=="+ B(7 M%1: %#)+",&" %# &,80=%#'
+,1" N.$+ &8,=="+ &,80=%#' 0"+%$/&OH 3# $1:"+ M$+/&@ L$1: 1:"

343 ,#/ ;343 8"1:$/ 0"+.$+8 L"11"+ .$+ =$#'"+ &%'#,=& N&%'#,=&

&,80="/ M%1: :%':"+ .+"S*"#)-O %# 1"+8& $. /"#$%&%#' S*,=%1-H

3# 0,+1%)*=,+@ 1:" ;343 8"1:$/ $*10"+.$+8"/ 1:" 343 8"1:$/

%# ,=8$&1 ,== ),&"& +"/*)%#' 1:" B(7 L- *0 1$ X_Hdh .$+ 1:"

6=$)E& &%'#,=@ L- *0 1$ d_HXh .$+ 1:" P",2%<%#" &%'#,=@ L- *0

1$ dYH_h .$+ 1:" !$00="+ &%'#,=@ ,#/ L- *0 1$ XdHYh .$+ 1:"

6*80& &%'#,=H

3# )$#)=*&%$#@ 1:" '%2"# &1*/- "=,L$+,1"& $# 1:" 0"+.$+8,#)"&

$. 1:" ,/,01%2" /,1,5/+%2"# 343 ,#/ 1:" ;343 8"1:$/& M%1: +"5

',+/& 1$ &,80=%#' +,1"H I:" ,#,=-&%& :,& L""# L""# 0"+.$+8"/

.$+ &"2"+,= 1"&1 &%'#,=& ,#/ , +,#'" $. <A;&H (& &:$M# %# 1:"

0,0"+@ L$1: 8"1:$/& N"&0")%,==- 1:" %80+$2"/ ;343 8"1:$/O

&%'#%. ),#1=- %80+$2" "&1%8,1%$# S*,=%1- M%1: %#)+",&" $. 1:"

&%'#,= +"&$=*1%$# N.$+ =,+'"+ ,8$*#1 $. /,1, 0+$)"&&"/OH

3VH 4JA4?K<3JA

I:%& 0,0"+ 0+$2%/"& /"1,%="/ "=,L$+,1%$# $# 1:" /"#$%&5

%#' ,))*+,)- $. 1:" 3435L,&"/ ,#/ 1:" ;343 L,&"/ ,/,01%2"

1"80$+,= . =1"+%#' 8"1:$/& M%1: +"',+/& 1$ &%'#,= &,80=%#'

+,1"H I:" ,#,=-&%& M,& 0"+.$+8"/ $# .$*+ &%'#,= )=,&&"& .$+

, +,#'" $. <A;&H (& &:$M# %# 1:" 0,0"+@ 1:" %80+$2"/ ;343

8"1:$/ $*10"+.$+8"/ 1:" $+%'%#,= 343 8"1:$/ +"/*)%#' 1:"

;<B7 L- *0 efHdh ,#/ B(7 L- *0 1$ XdHYhH T*+1:"+8$+"@

L$1: 8"1:$/&@ "&0")%,==- 1:" ;343 8"1:$/@ M"+" &:$M# 1$

"a:%L%1 "&1%8,1%$# ,))*+,)- %80+$2"8"#1 M%1: %#)+",&" %#

&%'#,= &,80=%#' +,1"H
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